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InTRODUCTIO~J 

In this work, we deal with simple trading markets in which a single homogene­

ous coTinnodity is exchanged. Such markets have received considerable attention 

over the last three-quarters of a century and now form a well-accepted part 

of almost every economics textbook. Classically, the ex:positive development 

of the theory of markets proceeds from the axiomatic basis of consumer (pro­

ducer) utility functions to the derivation of supply and demand curves and 

the price-quantity equilibria these imply. In the course of such derivations, 

certain critical assumptions are made regarding the nature of commodity divisi­

bility, market entry, participant knowledge, and the number of market parti­

cipants, among others. It is certainly true that imperfections or deviations 

from these theoretical assumptions, exist in real-world markets. Yet it can 

reasonably be argued that such imperfections are "removable" in the sense 

that if they exist in real-world ma:rkets, the classical theory is nonetheless 

valid as a limiting-case approximation. That is, if entry barriers were 

lowered, if participant knowledge is increased, etc., the imperfections will 

disappear. This is an important_ arguement, and we shall take exception to 

it in only one respect: that the classical theory of markets does not admit 

of adequate limiting-case analysis in its treatment of time. The nub of the 

difficulty is that there exists a basic con:f:lict between the joint assumptions 

of (1) temporal continuity of exchange activity, and (2) its structural sta­

tionarity: that as we consider shorter intervals of time (to escape non-sta­

tionarity problems), problems of exchange discreteness arise; and as we consider 

longer intervals of time (to escape discreteness), non-stationarity problems 

appear. As we shall see later, this confliet is resolved in the c1assical 

approach via the implicit assumption that there exist ap11ropriate time intervals 
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of consideration which simultaneously satisfy both opposi_ng criteria. But 

we shall assert herein that the difficulty goes deeper than the notion of a 

(removable) imperfection and necessitates a complete restatement and reinter­

pretation of portions of economic theory in order to effectively describe 

exchange activity as it occurs in the real world. 

To clarify our general problem statement given above, we shall now examine 

some of the temporal "imperfections" that seem to exist in actual markets. 

To do this in a manner which might overcome some of our traditional perceptual 

biases regarding market imperfections, we shall observe these through the 

eyes of one contrived creature from the planet Tempus Fugits. 

The Tempians, as they are called, are distinguished from human beings by 

being so small as to be nearly invisible to the latter, and, more impor­

tantly, they are possesse·d of a lifetime of only about one minute Earth time. 

It has happened that one Tempian recently read an Earthly economics book and 

has decided to visit a market on Earth. Making the trip in a few long micro­

seconds, he arrives at the New York Stock Exchange, which he understands to 

be one of the largest centralized markets on that planet. What he finds 

there is rather surprising to him: He is unable to identify anything that 

he could term "price" or "quantity" in the sense that buyers and sellers 

agree upon these in trading. This, of course, is because actual trading in 

actual markets occurs at discrete points in time: a transaction takes place 

almost instantaneously relative to the duration of time intervals between 

transactions. Our Martian friend would have to be lucky indeed to observe 

one of these rare events in a space of, say, a quarter of his lifetime. 

Upon lengthening his visit somewhat, he discovers that other occurrences 
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besides transactions, nac'llely one-sided commitments towards future possible 

transactions, arise in the market. His textbook has told him nothing about 

hWllan practices in negotiation and the striking of bargains: the "offer," 

its acceptance or withdrawal, the completed contract. (Perhaps he will even 

begin to suspect that these offers themselves, even those not consummated 

in transactions, may affect market behavior.) Yet he is pleased to find a 

list, known to us as the Specialists' book, which be interprets as containing 

supply and demand curves. True, the curves are oddly truncated when graphed: 

price 
s 

qua.."lti ty 

Figure 1 

But bei_ng :faced with a paucity of things he can identify from his textbook, 

he accepts them as such. 

When he finally observes two transactions in a row, he is surprised to 

discover different "prices" occurring in each, when he is convinced that the 

slow-moving humans could not have so drastically changed their information 

sets in such a short (for them) period of time. He is forced to the conclu­

sion that either the parameters of supply and demand are violently non­

stationary or else that temporal discreteness in the offers and transactions 

is itself somehow responsible for the observed phenomenon. 
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IlfDI\TID1J_A.L DEivV\IiD 

Having dramatized the role of temporal imperfections in actual markets via 

our Tempian character, we turn now to the nature of the implicit assumptions 

which are invoked to remove these imperfections in theoretical markets. For 

convenience and without loss of generality, we shall treat only the demand 

side of a market. 

In the classical approach, individual demand is stated in terms of the q_uan­

tity o:f a commodity that a consu1ner desires to purchase per unit time at a 

given price. The choice of the time unit length here is of critical impor­

tance. If it is chosen too long, the consumer's tastes or budget may change; 

if it is chosen too short, the demand rate is not a meaningful :figure rela­

tive to actual (i.e., temporally discrete) purchasing activity in the market­

place. (At what rate per second do you offer by buy applesauce, even assuming 

you could continuously consume this divisible commodity?) 

But even if the time unit length is chosen to be of an "ideal" intermediate 

length, a possibility which is implicitly assumed in classical theory, dif­

ficulties still remain. For example, consider a consumer who enjoys eating 

an occasional dill pickle. (To avoid superfluous complications, we shall 

now assume his desires and his market activity exactly coincide, that is, he 

desires, offers to buy, buys, and eats a pickle, all in the same instant.) 

Suppose that the ideal time unit in his case is one month. This means that 

his tastes may change between but not within months, and that we may ma._ke 

some meaningful statements regarding his market activities within the span 

of a month. In particular, suppose he consrnnes 10 pickles per month and 

derives uU.lity thereby. He argue tho.t it is not onl;y the r2,te of consui,1:0-

tion per month which would yield him utility, but also its J)attern. He is 
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likely, for instance, to have strong preferences between a pattern of consum­

ing one pickle every three days during the month and that of consuming ten 

pickles all on the fifth day of each month, even though the consumption rate 

per month is the same in each case. 

In this paper, we shall attempt to overcome the above difficulties by assuming 

that individual demand is a discrete stochastic nrocess in continuous time. 

That is, let {N/t), ts [O, co)} be a stochastic process, Nj(t) s {O, 1, 2, ••• }, 

representing the total number of discrete epochs at which a conL'llodity has 

been demanded, (i.e., makes a purchase reg_uest within some market context) 

by the jth consumer up to time t. Let Y. (T. ) be the amount demanded by the 
JD JD 

jth consumer at the nth demand epoch, given that it occurs at time 

> • 
T • ' T • • +l T •• ' l JD J,l Jl 

in time, i.e., N.(t) 
J 

= 1, 2, ... , IJ .(t) - 1. (Note again that discreteness 
J 

s {O, 1, 2, ... }, has nothing to with the economic 

assumption of infinite divisibility of the commodity, i.e., Y. (T. ) s [0, 00 ) ). 
Jn JD 

Then 

x.(t) = 
J 

y. (T. ) 
JD JD 

(1) 

represents the total amount demanded by the jth consumer in the interval 

[O, t]. 

The distributions of X. ( t), Y. ( T. ) , and N. ( t) will certainly be conditioned 
J JD JD J 

by a number of factors. First, these random variables are assumed to be 

associated with demands actually presented within a marketplace, and not nec­

essarily with either the fulfillment of those demands or the actual consumption 

of the con:modjt:," by the cons1J.Ler. Fe t:h.crefore deal in his '\.:ants 11 or "desires 11 

only insofar as these are made knm:n 1:Jy the conswner in a context where 
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possibilities for exchange exist, and we specifically admit that actual pur­

chase might not ensue and that consumption is not necessa,rily synonymous 

with purchase. Thus X. ( t), Y. ( -r. ) , and N. ( t) may be conditioned by vari-
J Jn Jn J 

ables specific to the consumer: his purchase success, his inventory, his 

price expectations, etc. Secondly, market considerations will perhaps con­

dition X. ( t), Y. ( -r. ) , and N. ( t): market structure insofar as its capacities 
J • Jn Jn J 

for "remembering" his demands, his access to information regarding the demand 

a.mounts and prices of others, etc. Thirdly, these distributions may be 

conditioned by prices, since the defined j random variables describe a time 

series of unilateral "contracts to buy." 

There are several arguments for adopting the stochastic process formulation. 

To begin with, it may not be far from an accurate description of reality. 

To illustrate this, the reader should inquire of himself as to exactly when 

he will offer to purchase his next automobile or tube of toothpaste. Even 

though we like to think of ourselves as "rational" economic agents (either 

in the loose sense of precise planning, etc., or in the more exact sense of 

a system of axioms), it would still be difficult to temporally pinpoint such 

a market activity. 

Another argument is that the stochastic process formulation aids greatly the 

analysis of large ensembles of market participants. To consider an analogue, 

the physicist would be severely handicapped if he could employ only deter­

ministic models in describing the behavior of a large ensemble of particles: 

the mass, position, and velocity of each and all interactions of these amongst 

all particles would have to be taten into account. Indeed, statistical 

mechanics provides a vastly more si:r!ple approach to e:;1:;,ining the aggree;ate-level 

insights he p\ll'sues. 



7 

It is therefore not ou.r goal in the present paper to precisely describe indi-

vidual consu.m.er behavior, although we could certainly at this point formulate 

a theory consistent with the stochastic c.emand process assum.ed above. (Such 

a theory would probably include a stochastic income strea.m, probabilistic 

budget constraints, axioms for rational choice amongst stochastic consumption 

streams, and so forth.) But we are concerned rather with aggregate market 

behavior and shall adopt the attitude of the physicist who cares not whether 

the individual particles he works with possess rationality, free will,. 

blind ignorance, or whatever, as long as his statistical mechanics will 

accurately describe the behavior of large ensembles of these particles. 

Before passing to aggregate market behavior, however, we should note some of 

the strengths and weaknesses of the stochastic formulation given. On the 

plus side, the classical formuJation of individual demand represents a special 

case wherein utility functions are presumed to depend only on the mean value 

functions of the stochastic processes in question. For example, the mean 

value function 

m.(t) = E[X(t)] 
J 

(2) 

could be interpreted as the classical "amount demanded per 1..L.Ylit time" if this 

is stationary over the ideal time interval. (The implicit assumption is 

therefore that consumers are indifferent amongst all stochastic demand proc­

esses having identical mean value fu11ctions; compare the pickle example.) 

On the minus side, the stochastic formulation ignores (or at least complicates 

the description of) feedback and "gamingn activities of a consumer ·within a 

market. In a later paper vre hope to explore a game-theoretic formulation 

a.t disc1~cte points in conti.n110\1s tirrle) 

of indi vidua1 demand behs.vi or whc1'ein strategies are p,ffected by r.,arket 

conditions. 
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AGGREGATE DEMA.11\JD 

We turn now to the consideration of a collection of M individuals, each of 

which is described by the individual stochastic demand processes defined in 

the foregoing section. Let 

M 
N(t) = I N. (t) ( 3) 

j==l J 

and 
M N. ( t) 

X(t) = I 
JI Y. h. ) 

j=l i=l Jn Jn 
(4) 

Then under some rather weak (for our purpose) assumptions described by Loeve 

( , p. ), the superposition of the otherwise arbitrary counting pro-

cesses N.(t) in (3) approaches a Poisson distribution as M increases. In­
J 

' tuitively, these conditions amount to independence in the individual demand 

processes, disallowing of an infinite number of demands in a finite time 

period, disallowing the dominance of any one demand process, etc., but their 

formal description is rather mathematical. A simple analogue is the arrival 

process of telephone calls to a switchboard: if telephone users act inde­

pendently according to their own stochastic usage processes, total call 

arrivals are commonly assumed (and empirically observed) to be well repre­

sented by a Poisson process. 

The Poisson limit is a testable implication of the foregoing assumptions. 

It is also a starting point for theories of market structure, which we shall 

treat in detail in the next report of the current series. Before passing 

to that topic, we should note a few implications regarding gross market 

behavior. First, all of the foregoi11g argm,ients about individual and ag-

gregate demand processes an,ly equa1ly well to the supply de:e, or al te:r-

natively, to an excess-demand formulation. Secondly, the mean value ftmction 



of X(t) is just tbe sum of the individual mean value functions. 

M 
m(t) = I 

j==l 
rn.(t) 

J 
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Regardless of whether these are stationary or not, we could then depict tbe 

familiar price-quantity diagram at time t as: 

p 
S' 

'.P* 

:~D' 
s I 

I 

q * q 

Figure 2 

involving two intersecting mean-value functions of price, one each for the 

aggregate stochastic demand and supply processes, D-D' and S-S' respectively. 

(We could give analogous arguments :for the slopes of the mean-value :functions, 

but this is unnecessary for our purposes.) The point is that now the inter­

pretations are quite different from the classical formulation: The supply 

and demand curves now give the instantaneous rates of supply and demand rather 

than absolute supply and demand for some idealized time interval. Furthermore, 

these rates are "on the average" amounts and do not necessarily have specific 

physical realizations in the marketplace. We recognize the possibility that 

there will be sampling fluctuations in actual supply and demand. This leads 

in turn to a different interpretation of the "equilibrium" point (p*, q*) as 

it now represents a kind of stochastic equilibrium. Actual prices and quan­

tities under such a form of equilibrium may fluctuate randomly, even under 

condit:ions of stationarity. 



10 

SELEC'HON FUNC'EIOJ:S 

In the above discussion, we have presented rather loosely the stochastic 

analogues to classical supply and demand curves. For our ultimate pu_--rpose 

of describing market behavior, we shall hB.ve to be more precise as to the 

meaning of such curves. Let us suppose that AD(p,t) is the mean value function 

for some aggregate demand process, i.e. , an "instantaneous mean rate of 

demand" AD which is expressed as a fun.ct ion of price p a.nd time t (cf. formula 

(5)). Like its classical analogue, it represents a latent demand or "what-if" 

situation: given that price is forced to an arbitrary value p, the correspond-
I 

ing demand rate should be AD(p,t). In classical market theory, it is presumed 

that p can be and is forced to some (usually the eq_uilibrium) v2.lue, hence 

only one point on a demand or supply cur-ve is "active" at any one time; 

even though the rerr.ainders o:f the supply and demand curves are pre,,,mned to 

exist, they are depicted as having no effect upon market acti-vities. In the 

stochastic formulation, this assumption is too restricti-ve. That is, we 

shall permit the actual and observable activities of market participants to 

be affected by perhaps wide ranges of their latent demand and supply curves. 

(For example, a group of individuals bidding in an auction can offer to buy 

at any of several prices--with perhaps some restrictions on their range of 

values, e.g., prices must be in round dollars, each bid must exceed the last 

by $10 or more, etc. 

market activity.) 

In doing so, they tr8.nslate their latent desires in 

We shall deal with this notion mathematic2,J.ly vi a a so-ce.11.ed !3:.J!J2_"_c_;_f;2.te 

selection function. 'l'his will bt: c1efjnecl o_L'. a function w(p) ::: 0 such tbat 

demand activity. That is, ),D(y,t) iE the rncan value f'm1ct:Lon of the market 



demand process, and w(p) is an intermediary which transforms latent demand 

into marketplace dcma,nd. The reason for introducing w(p) is so that we 
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may concisely depict the end effects of price knowledge, expectations, etc., 

upon the way in which a group of individuals preEents their derD.ands in a 

market context. (For example, we don't hear people proclaiming that they 

would purchase twenty Cadillacs at five dollars apiece, even though they would 

perhaps do EO if they could; their knowledge about Cadillac prices is such 

that they would not nselect" this bid to present in the marketplace.) 

The selection f1mction most conm1only encountered is the one with a point mass 

at one price, as in Figure 3: 

w(p) 
tll 

I 
I 

Figure 3 
p 

It represents the situation of price-takers, for exa~ple price bids for the 

goods in a department store: here all prices are marked, and bidding less 

than the marked price almost never occurs since department stores are not 

known to be flexible in this regard, while bidding more than the marked price 

is senseless. On the other hand, any of several prices mi1sht be bid for 

shares of son1e security, as Figure h illustrates: 

p 
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In this example, w8 (p) is the selection function for ,mpply, wD(p) that for 

demand; on the average, suppliers are establishing h::Lgher prices than 

demanders, and apparently a continuum of prices is permissable. 

In concluding this section, we should note a few observations regarding 

our selection functions. First, they a.re dependent not only upon the psycholo­

gies of market participants, but also upon the market structure) i.e., the 

rules of bidding and offering within the marketplace. Secondly, selection 

functions may have a nwnber of othel' independent variables besides p, e.g., 

historical prices, information access, information delay, economic indicators, 

and whatever else affects individuals' presentation of their "supply and 

demand" characteristics to the marketplace. 

The principal goals of the current report have now been accomplished. We 

have provided for the existence of discrete transactions~ equilibrium price 

fluctuations, and related phenomena. The next report deals with these 

phenomena within specific market structures. 




